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We conslder the general case of almost identical objects synchronized under
the action of weak linear couplings. Conditions are obtained for the ex~
istence and stabllity of synchronous motions, as well as the equations for
determination of "generated phases",

In almost all filelds of sclence and technology one has to consider sys-
tems of several correlated dynamic objects functloning together*. One speaks
of correlated or synchronous motions of objects in a system if the funda-
mental parameters which characterize the "rhythm" of motion of these objects
colncide. For periodic motions one is concerned with the coincidence of
thelr periods. The synchronization of objects 1s realized by means of
couplings between them, taken in the broad sense of thls term.

In the following, Just as in [1], we shall single out the case of "strong"
couplings, by means of which the object may be subjJected to a considerable
influence. The case of such synchronization 1s trivial in the deterministic
sense and, in particular, yields the fact that the value of the motion of
one of the objects necessarily determines the motion of all other objects.

Of fundamental interest is the synchronization in the presence of weak
couplings, whose effects on the objects are small and which only slightly
distort the character of the motion of the objects. In view of this it is
understandable that a system with weak couplings may be made synchronous,
generally speaking, only in the case when the initially isolated objects,
not coupled to each other, execute motions which are close, at least during
a finite and sufficiently large interval of time, to “he sought synchronous
one. In other terms, the quantities which characterize the degree of non-
synchronous behavlor of the system of initlally isolated objects, should be
of the same order of magnitude as the parameter which reflects ths "strength
of the couplings. It 1s understandable that thils condition 1is satisfied,
above all, by systems of almost identical objects.

"

*  Numerous examples of such systems, as well as a large bibliography, are
given in the paper of Blekhmen [1].
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Internal synchronization of dynamic objects 267

It is necessary to point out that in a system of isolated autonomous ob-
Jects an infinity of motions is possible, which are close to the synchronous
ones. Indeed, almost synchronous motions, realizable in a system of isolated
objects, may be displaced one with respect to the other in phase, by virtue
of thelr sutonomous behavior, This multitude of motions represents a family
which depends at least on m arbitrary constants, where m is the total number
of objects. If one does not conslder the slight nonsynchronous motions of
isolated objects, then the question urises concerning the selectlon from this
family of such a motion*, which qualitatively and quantitatively is close to
the sought synchronous regime in the interconnected system. This, indeed,
represents tne essence of the problem of self-phasing, which always accompa-
nies the fundamental problem on the determination of the regions of existence
and stabillty of synchronous regimes of motlion of systems of dynamical ob-
Jects subjected to weak couplings.

1, In the following we shall assume that the motion of an interconnected
system of objects 1s described by ordinary differential equations with a
small parameter. We shall use, thereby, the theorem on the exlstence and
stablility of solutions of a definite form, which is a generalization of a
corresponding theorem discussed in the monhograph by Malkin [2]. We shall
omit the proof of this theorem, because 1t can be carriled out in an analo-
gous manner, and we shall iimit ourselves to its formulation.

Let us assume that we have an autonomous system
dx

‘;Z-ti = X, {2y, . - s Tn) + 1fs G . (s=1,..., n) (1.0

where the functions J, and 7, are analytic with respect to the variables
X1seees X, 8nd & small parameter u in some region ¢ . Further, we shall
assume that the functlions Y, and g, are périodic In 2n with respect to
the varlables x;,..., x3 (I S ny.

The generating system
dz 0

dt

= Xs (z° .. 20 (s=1,..., n) (1.2

.=

admits a famlly of solutlions of the type
= Qs (t, by o oL, By (1.3

which depends, aside from & constant » which can be added to ¢t , on &k
arbltrary constants h,,..., h, . Thereby let

¢s ¢+ T) = 21 -+ @, (1) s=1,...,0
¢ (t + T) = s (1) s=1+1,...,n) (1.4)

where the period I does riot depend on the constants h;,..., h, .

Under the assumptions adopted, r-perlodic and linearly increasing solu-
tions of system {1.1}, becoming for u = 0 the solutions of the generated

* In problems of synchronization, the motions, which are possible in each
object in the absence of couplings, are assumed to be known; generally
thelr representation does not present any difficultles.
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system (1.2) of the form m, (¢, h*...,h *), are possible if the constants
% ... h* satlsfy the system

n T
Pi (/Z]*, P ey hk*) = E Sfﬁ {(P]_ (‘i h’l*v < e ey h/{:*), .. 1(Pn ( 1 LR ]”’C*)'l U]
Fsst)
Pai () dt =0 (i=1,..., k) (1.5)
Here the functions g (f) ({ = 1, ..., k) are I-perlodic solutions of
the llnear system assoclated with the equations in variations of system (1.2)
iz, )
7;5; 1 F1s%y + ... Pnsln = 0 (s=1,..., n)
90X
. 8
Py = (793;} (1.6
P xpmen Bty Bt
Further, the functions ij,; (f) must satisfy conditions
S?‘ Ny R t 0 (i)
=1 Oh* '4“25< ) =14 (i=1
a=1i J = /i:i,...,k—f—i)) (17}
n g =1, kR ) )
’ N 0 Ry S | ] » » H /
S Ak ) () = (e k1)
P 1 (f=k41)

The first approximetion to the true period of motion is calculated by

Formula T+ pa* (1.8)

n T
— 3 a0 )] e (O d
B==1 ¢

For the stability of such a solution of system (1.1) 1t 1s sufficient
that all roots of Equation
()Pl,ahl —r . . r’)Pl/éhk*

.......... =0 (1.9)
oph om ... 0P OR* —

satlsfy the conditions Re x < O .,

2, Let us consider the internal synchronization of a system of almost-
like dynamic objects in the presence of weak linear couplings. The term
internal synchronization is commonly used in the case when no external effects
are imparted to the objects by means of such couplings.

Let the motion m of almost-like objeets in a coupled system be described
by differential Equations

= X (xlh ey xni) +n (fsi (.2315 1. s xm‘) +
L3
-4+ 2 Vs(i” (xli [EEER R x"i) ui) (21)
)
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Here and in the following a dot denobes differentistion with respect to
time.

The weak linear couplings will be characterized by the system

L

uj = ag -+ .. Gl > Up 21y + + 5 Znr) (i=1,..., & (2.2)

r=1
In equations (2.1) and (2.2) the quantities ¢Q,, (I, J = 1,..., &) will
be constant, and the functions X, ., [y ,yé”and U,y are such that the theorem
formulated in the preceding section becomes applicable. The functlon g,
characterizes the degree of difference of objects, and the functions y,{Y
and U,, characterize the coupling between the objects.

In a system of identlcal isclated objects, which is considered in the
generating approximation

2 = X5 (g3, « < - Tni) R S B (2.3)

the synchronous motions

z, =9 (t+a) (2.4)

are reallzable for all objects; they are all allke and completely determined
within an arbltrary phase shift.

The functions e, {¢) are such that the condition is satisfied in any case
q)s. (i -+ T) = (Ps' (1)
Thus, the period of synchronous motions T does not depend on the values
of the arbitrary phases a, . Further, by virtue of the autonomous behavior
of the interconnected system, one of the phases, for example g¢,, may be

taken as being equal to zero. Let us assume that all roots of the character-
istic equation

faiy — dipf =0 (85 =0 wupu iz=j, Sii=1 npw i=1}) {(2.5)

have negative real parts and thus T-perlodic solution always exists for the
coupling coordinates in the generating approximation of the type

m

uP = 3 uy (t + o) G=1,.... % (2.6)

re=i
Here um(t) designates the T-perlodic function which satisfies the linear
system

u,',,j (l) = QU 4 ... Apiliyy - Urj [(P1 ([)., ey Py (t)] (27)
(=1, kr=1,...,m

The equations in variations of the generating system

ysi-:pls ([+ai)y1i+" '+pns (t+ai)yni (28)

m
5 = a2y b Gz ) [9,.2-” t+a)y,+ ...+ AL t+a)y.,]
r==1

=1, ..., mi=1,...m=1,...,%)
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where

0, (gt ., 7, O] . U, [9 (0. ... . ©, ()]
Py ( ) = acpq ® ’ qrg ) (t) = ’ o, (t)

admit m 1independent T-periodic solutions

yMW =9/ (t+a)d, ZV=u, (t + a) (v=1,..., m—1) (2.9

ym =gq, (t + a), Zm = 3 u;(t+a)

r=1

The last % equations of the llnear system associated with (2.8) are of
the form w, + azw, + ...+ ey =0 G=1,..., k) (2.10)
and, consequently, admit a unique trivial 7T-periodic solution

w; = 0

Therefore, the T-periodic solutions of the conjugate system, corresponding
to the coordinates of the objects, may be sought from the system

v+ p,tt+e)v,+ . o4 p, Eta)e, =0 (2.11)
Let us designate by m, (¢) the unique T-perlodic solution of the system
n, +p, O+ ..+ p, B0, =0 (2.12)

which satlsfles the condition
oM@+ . e, O)n, 1) =1 (2.13)

Then it is obvious that the system (2.11) also admits m linearly inde-
pendent T-periodlc solutions of the form

v @ =y (t + o) Oiq (g=1,...,m) (2.14)
Let us seek the T-periodic solutions of the system (2.11), which satisfy
the condition m n
2Dy =8, vu=1...,m (2.15)
i=1 =1

in form of a linear combination of solutions (2.14)

vs(ip) = 2 CQHT‘S (t -+- di) (Siq = Cmns (t + ai) (P" =1,...,m) (216)

q=1

The matrlx of the coefficlents (EH, which may be found using relations
(2.13) and (2.15), will be nondegenerate and is of the form

1 0...9 O{
0 1...0 0
(2.17)

0 0Lt
—1 —1..»-11\
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The equations for the determination of the unknown phases Qg s e

ey (g s
as it follows from (1.5), will be
m n T
Pu(ay, - oo oms) = 2 2\ fulon o), - v, ¢+ a)l+
i=18=1§
(2.18)

k
ARV Mt + ), - - @, (¢ + o] u;’} 2 dt =0
=1
w=1,...,m—1)
Finally, after simple transformations taking into account (2.6), (2.16)
and (2.17), we arrive at the fundamental system of the problem of Internal
self-synchronization of almost-like dynamic obJjects in the presence of weak

linear couplings
n T

Pp. (al) LS | am-i) = Z S [(fsp ({Pp .o oey (Pn)_' ism ((pls o ey (Pn)] +

§=1,

k m
A Vo (@ry v ey @) U 8+ ot — at,) —

=1r==1

(2.19)

— sgt) (VPR (Pn) Urj (t + )] M, (¢)dt =
w=1,...,m—1)

The existence of real solutions of system (2.19) with respect to0 phases
Q3se»+5 Oy Will represent at the same time the condition of the existence
of a synchronous regime. Thereby the first approximation to a true period
of synchronous motions according to (1.8) will be determined by Formula

n (2.20
zg (fem @1 - o) + 2 SV @)t (1 ) ), (0)

i=lr==l1

The stabllity of phasing of synchronous motions may be judged by the signs
of the real parts of the roots of Equations (2.12)
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