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We consider the general case of almost identical objects synchronized under 
the action of weak linear couplings. Conditions are obtained for the ex- 
istence and stability of synchronous motions, 
deter.mination of "generated phases", 

as well as the equations for 

In almost all fields of science and technology one has to consider sys- 
tems of several correlated dynamic objects functioning together*. One speaks 
of correlated or synchronous motions of o!jects 
mental parameters which characterize the 

;tn a system If the funda- 

coincide. 
rhythm of motion of these objects 

For periodic motions one Is concerned with the coincidence of 
their periods. The synchronization of objects is realized by means of 
couplings between them, taken in the broad sense of this term. 

In the following, just as In Cl], we shall single out the case of "strong" 
couplings, by means of which the object may be subjected to a considerable 
Influence. The case of such synchronization is trivial In the deterministic 
sense and, In particular, yields the fact that the value of the motion of 
one of the object; necessarily determines the motion of all other objects. 

Of fundamental Interest is the synchronization In the presence of weak 
couplings, whose effects on the objects are small and which only slightly 
distort the character of the motion of the objects. In view of this it is 
understandable that a system with weak couplings may be made synchronous, 
generally speaking, only In the case when the lnltlally isolated objects, 
not coupled to each other, execute motions which are close, at least during 
a finite and sufficiently large Interval of time, to the sought synchronous 
one. In other terms, the quantities which characterize the degree of non- 
synchronous behavior of the system of Initially Isolated objects, 
of the same order of magnitude as the parameter which reflects the 

sSfould be 
strength" 

of the couplings. It Is understandable that this condltj.on Is satisfied, 
above all, by systems of almost Identical objects. 

* Numerous examples of such systems, as well as a large bibliography, are 
given In the paper of Blekhman [I]. 



It is necessary to point out that in a system of isolated autonomous ob- 
jects an Infinity of motlons is possible, which are close to the synchronous 
ones. Indeed, almost synchronous motions, realizable in a system of isolated 
objects, may be displaced one with respect to the other in phase, by virtue 
of their autonomous behavior. This multitude of motions represents a family 
which depends at least on m arbitrary constants, where m is the total number 
of objects. If one does not consider the slight nonsynchronous motions of 
Isolated objects, then the questlon arises concerning the selection from this 
family of such a motion*, which qualitatively and quantitatively is close to 
the sought synchronous regime in the interconnected system. This, indeed, 
represents tne essence of the problem of self-phasing, which always accompa- 
nies the fundamental problem on the determination of the regions of existence 
and stability of synchronous regimes of motion of systems of dynamical ob- 
jects subjected to weak couplings. 

1, In the following we shall assume that the motion of an interconnected 

system of objects Is described by ordinary differential equations with a 

small parameter. We shall use, thereby, the theorem on the existence and 

stability of solutions of a definite form, which Is a generalization of a 

corresponding theorem discussed in the monograph by Malkln [2]. We shall 

omit the proof of this theorem, because It can be carried out in an analo- 

gous manner, and we shall iimit ourselves to Its formulation. 

Let us assume that we have an autonomous system 

where the functions R; and f, are analytic with respect to the variables 

x1 f * . . , 2” and a small parameter v in some region c . Further, we shall 

assume that the functions X, and f, are periodic In 2% with respect to 

the variables x1,. . . , xl (1 < ~a). 

The generating system 

dx a 
4 = x, (x& I . .) 2,“) 
dt (s = 1, . . . ) /1) (1.2) 

admits a family of solutions of the type 

X8 
0 

= cps (2, h,, . * *, 

which depends, aside from a constant h which 

arbitrary constants h,. . ., & . Thereby let 

‘PS (t + T) = 2n + CPS (t) 

hi) (1.3) 
c&n be added to t , on k 

(s = 1. . . . , I) 

cps (t + T) = rps (Q (s=I+-I,..., IZ) (1.4) 

where the period T does not depend on the constants ?h,. . ., & . 

Under the assumptions adopted, T-periodic and linearly increasing solu- 

tions of system (l.l), becoming for p = 0 the solutions of the generated 

* In problems of synchronization, the motions, which are possible In each 
object In the absence of couplings, are assumed to be known; generally 
their representation does not present any difficulties. 
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system (1.2) of the form QI,($, hl*,...,h,*), are possible if the constants 

h,*, . . . , hr* satisfy the system 
12 T 

hk$) _:= 2 
1 

Pi (Ii,“, * v .) 
I 

fB [cpl (1, h,“, . . ., IL,{*), . . ., cprx (t, h,” ,... hl,“), 01 
;; .--,j I, 

qfii (t) czt = 0 (i = 1,. . 1 ( k) (l.t’,) 

Here the functions spfii (t) (i = 1, . . ., k) are T-periodic solutions of 

the linear system associated with the equations in variations of system (1.2) 
C!Zy 
-I 
dl 

/. ]llSZl i_ , . . + /InsZ,, _= 0 (s = 1, . . . , II) 

Further, the functions $oi (i) must satisfy conditions 

The first approximation to the true period of motion Is calculated by 

Formula 
T = T + pa* (l.SI) 

a* = - ; [j&p&, hl*, . . . , hc*), . . . , rpn (t, hl*, . - ., &*)I q~;lp/c+l (t) dt 
p-1 0 

For the stability of such a solution of system (1.1) lt Is sufficient 

that all roots of Equation 

a~~/ak~*---~ . . . 8Pl/ah,* ’ 

* ., . . . . . . . . . . . . := 0 (14 
a~,;&~* . . . aP, i ah,;* - x 

satisfy the conditions Re n c 0 . 

2, Let us consider the internal synchronization of a system of almost- 

like dynamic objects in the presence of weak linear couplings. The term 

internal synchronization iscommonly used in the case when no external effects 

are imparted to the objects by means of such couplings. 

Let the motion m of almost-like objects in a coupled system be described 

by dlfeerential Equations 

(2.1) 
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Here and in the following a dot denotes differentication with respect to 

time. 

The weak linear couplings will be characterized by the system 

In equations (2.1) and (2.2) the quantities Qrj (I, j = l,..., k) will 

be constant, and the functions & , f,i , I/,:“and U,, are such that the theorem 

formulated in the preceding section becomes applicable. The function y,$ 

characterizes the degree of difference of objects, and the functions V, \” 

and u,, characterize the coupling between the objects. 

in a system of identical isolated objects, which is considered in the 

generating approximation 

z,;* = X, (X,4, . . . , x,R) (s z: 1, . . , n, i == I, . , m) (2.3) 

the synchronous motions 

$ = ‘p, 0 -I- aJ (2.4) 

are realizable for all objects; they are all alike and completely determined 

within an arbitrary phase shift. 

The functions w,(t) are such that the condition Is satisfied in any case 

cpS’ (t -+ T) -= ‘cS’ (t) 

Thus, the period of synchronous motions ~7 does not depend on the values 

of the arbitrary phases a, . Further, by virtue of the autonomous behavior 

of the interconnected system, one of the phases, for example a., may be 

taken as being equal to zero. Let us assume that all roots of the character- 

istic equation 

II %j - &g/j z.= 0 (Sij Z 0 tipit i+j, &ii S 1 lip31 i = i) (2.5) 

have negative real parts and thus T-periodic solution always exists for the 

coupling coordinates in the gene:-sting approximation of the type 

“jO = 5 U,j (t + a,) (j=i,..., k) (2.6) 
?%=I 

Here u,,(t) designates the Pperioclic function which satisfies the linear 

system 

The equations in variations of the generating system 

Y,i’ = P,, (t + c$) Y,i + * * - + P,, 6 + “J !tni (2.8) 
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where 

P,, (0 = 
ax, [cpl (q, . . . 9 'Pn Ml 

a’P* U) ’ 
q !s) (t) = 

aurj [cpl(q?. . . I cP,Wl 

PI acp, (t) 

admit m independent T-periodic solutions 

y 9) = cp . (t + a.) 6. 
sz s 2 1Y’ 

zp = U”j (t + cl”) @=I,. . . ( m-l) (2.9) 

yp = ‘p,’ (t + a,), q(m) = g ur; (t + UJ 
r=1 

The last k equations of the linear system associated with (2.8) are of 

the form 
WI’ + aj& + . . . + aj@l, = 0 (i = 1, . . . , It) (2.10) 

and, consequently, admit a unique trivial T-periodic solution 

wj = 0 

Therefore, the T-periodic solutions of the conjugate system, corresponding 

to the coordinates of the objects, may be sought from the system 

us; + p,, (t + c$) DIi + * * - + p,, (t + aJ 2’ni = 0 (2.11) 

Let us designate by n,(t) the unique T-periodic solution of the system 

V8’ + P,, (t) % + . . * + P,, (0 VTL = 0 (2.12) 
which satisfies the condition 

(PI’ (4 rll 0) + . * . + 'p,' 0) 7, (0 = 1 (2.13) 

Then it is obvious that the system (2.11) also admits m linearly inde- 

pendent T-periodic solutions of the form 

USic4) = ql (t $ %i) 6iq (q = 1, . . . , IIL) (2.14) 

Let us seek the T-periodic solutions of the system (2.11), which satisfy 

the condition m n 

2 2 ?&;?I;; = 6,, (Y,p==1,...,1?2) (2.15) 
i=l S:-l 

in form of a linear combination of solutions (2.14) 

VSiP*) = 2 CqplJ, (t + ai)6iq z Cipq, (t -t ai) (p=l,...,m) (2.16) 
cl=1 

The matrix of the coefficients CiIl, which may be found using relations 

(2.13) and (2.15), will be nondegenerate and is of the form 

1 0. . .o 0 

0 I...00 
. . . . . . . . . . (2.17) 

0 0.. .I 0 

-_1 --I..--11 I/ 
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The equations for the determination of the unknown phases cl,..., ati, 

as it follows from (1.5), will be 

(p = 1,. . . , m - 1) 

Finally, after simple transformations taking into account (2.6), (2.16) 

and (2.l7), we arrive at the fundamental system of the problem of Internal 

self-synchronization of almost-like dynamic objects in the presence of weak 

linear couplings 

- Y,$ (a, 1, * s-7 q,) %j 0 + 41 rl, (t) dt = 0 

@=l,...,m-1) 

The existence of real solutions of system (2.19) wltb respect to phases 

al,..., awl will represent at the same time the condition of the existence 

of a synchronous regime. Thereby the first approximation to a true period 

of synchronous motions according to (1.8) will be determined by Formula 

a* = - i [(A*(%, * f ., tp,) + i 5 T/ls?f% 

(2.20 

s=10 j=lr=l 

- - *f rP,) Gj tt + %)) rl, (t) fit 

The stability of phasing of synchronous motions may be judged by the signs 

of the real parts of the roots of Equations (2.12) 
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